Lecture 19
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AIC
(Akaike’s information criterion)

From relative entropy to maximum likelihood
¢ It has been shown that relative entropy (Kullback-Leibleedyence)

P(X)

D = log =22
(plla) Xxjp(x) %9 1%

can be used in model selection, if the 'true’ model is known.

Slide 2 e If pis true probability source, we can choasé be close to it in K-L

sense.

e Usually the 'true’ model is unknown. Is there a way to use K-L
divergence in model selection?

e Next we show that there is a way, and it leads to an interesting
connection with the maximum likelihood principle.



From relative entropy to maximum likelihood
e Relative entropy gives a 'distance’ between two distritisi

D(pllg) = ¥ px) log —SE’X(; =3 pe)log peo) — 3 pox) logq(x)
X X X
@
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e In Eq. 1 p(x) is the true distribution of phenomenon under
investigation. In practicep(x) is unknown but we may have
observations abouyt(x).

e ((X) is the distribution which is compared to the true distribati This
could be a model to estimate a distribution of the phenomenon

From relative entropy to maximum likelihood

e In equationD(p||q) = Y, p(X)log p(x) — >, p(X)logq(x) only the
latter term on the right side of the equation depends on thaehagx).

e The first term is a constant relative to the model selectioblem=
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we need to concentrate only on the second term.
e Notice: the second term is expected logarithmic loss.

e Next we'll see that the second term is the expected valuegof lo
likelihood ofq.



From relative entropy to maximum likelihood

e Let's have a closer look of terfr, p(x) logq(x).

e Assume that we havl observationgxy, ..., XN), Where each
Slide 5 observation has a value given by one of th@ossible realizations
Wi, ..., WM.
e There is a true generating pgfw;j) = P(X =wj), i =1,...,m. The
number of observed realizations fer is described by variable;,
which sum up taN; (n1 + ...+ nm = N).
From relative entropy to maximum likelihood
e Now we can rewrite the terrﬁjim:l p(wi) logg(w;i). Compare it to the
definition of expected value
E[Y]I= ) yp(y)
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e logq(wi) = logq(X = wj) is a realization for a random variable
logq(X) and p(x) = P(X = wj) is the probability of the realization.

o Now we can define the terfh’, p(x) logq(x) as expected value of log
likelihood.



From relative entropy to maximum likelihood
e Expected value of log likelihood?

e By the strong law of large numbers the average

1 N
§ 2_'ogacq) @
=1

Slide 7 converges to expected value of log likelihoodNas> co.

e Because random variable IggX) will have realization log|(X = wj)
n; times, the Eq. 2 can be rewritten as

1 m
N Z ni logq(wi),
i=1

wherel (@) = Y™, nj logq(w;) is the log likelihood for moded).

From relative entropy to maximum likelihood

e Summa Summarum: Relative entropy can expressed with twuster
The first term is constant relative to a model selection poband the

second is the expected value of log likelihood of the model.
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e Small K-L distance indicates a good model.
e Therefore: the higher the log likelihood, the better the glod

e The same holds for continuous probability densities. Tneat is
similar as in the discrete case.
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From relative entropy to maximum likelihood

e Example: Persons A and B predict again the performance ofthéd
team. Person A predicts that the team wins 70% of its games and
person B predicts 50%. After a couple of seasons we havstatatthat
the team won 65 games out of 100. Applying the log likelihood
principle, who did best, A or B?

e log likelihood is now
I(q) = 65logq; + 35logge

e for A q =[0.7 0.3] and for Bq =[0.5 0.5].

e Corresponding log likelihoods are -65.32 for A and -69.31BoSo A
got it better this time.

From relative entropy to maximum likelihood

e Example 2: We have ten observations- [-1.10, -0.40, -0.20, -0.02,
0.02,0.71, 1.35, 1.46, 1.74, 3.89]. Which model cléssr f; is better
for the given data:

f 1 x2
- e 7

1(X) @e
f xX) = ;
2T T T

e log likelihood for f1: —5In27 — 0.5%; x? = —21.2
e log likelihood for fo: —10Inz — 37 In(x? + 1) = —19.2

e So for this data model class is better in log likelihood sense
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Akaike’s information criterion, AIC

Could it be possible to compare model classes in such a wayvthét
a ML model for each class, and find out which of the model gites t
largest value of likelihood function?

e No! Because maximum likelihood favors overfitting.

The more complex to model is (for example, more paramettrs),
better fit and the higher likelihood function value we obtain

Therefore, we need some other method for choosing the mésted.c
AIC (Akaike’s information criterion or, originally, 'A inbrmation
criterion’) is one of the earliest attempts.

Akaike’s information criterion, AIC

Akaike’s information criterion is based on the idea thatimiizing the
relative entropy between the 'true’ distributignand the tentative
modelq yields the optimal model,
p(X)

D(pllg) = Y _ p(x) log 900 = > p(x)log pex) — Y~ p(x) loga(x)

X X X
However, sincep is unknown, it is impossible to calculate the relative
entropy, or more precisely, the expected log loss (expdoted
likelihood) for the model (latter term).



Akaike’s information criterion, AIC

e We have already shown that we may estimate the expected log
likelihood with the maximized log likelihood function.

e This estimate has one problem: maximized log likelihood:figm
Slide 13 depends on the data (realization of the random vari2b)|eso the
estimate will be biased.

e We may improve the situation by considering the mean exgdotg
likelihood (MELL) function, so that the effect of differer¢alizations
is compensated.

AIC: spoiler
e Akaike’s work show that
— maximized log likelihood is a biased estimate of MELL
— bias is asymptotically equal tq the number of estimable

parameters in the model

e Therefore, the AIC criterion for parametric model clas®stbn is
Slide 14 defined as

AIC(K) = —21 (@) + 2k (3)
wherel is the log likelihood for the modef) are the ML estimates for

the parameters aridis the number of parameters in the model. The
lower the AIC, the better the model class.

e How on Earth can we obtain such a simple-looking formula fim
starting point?
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Derivation of AIC

This sketch of derivation is neither rigorous nor detailedly the main
ideas are introduced.

First we need a number of definitions.

We assume that the datehas been generated by an unknown
parametric densityf (x|6p), whered is the true parameter vector.

We define model classely = { f (x|6%)|6% € ©(k)}.

Each class is a collection of densities parametrizeld-dimensional
parameter vecta#tk = (61, ..., 6.

Derivation of AIC

We aim to fit a parametric model in such a way that we obtain algoo
approximation tof (x|6p).

The likelihood functionf (x|6¥) is maximized by the ML parameters
6k for each model class.

ML parameters are calculated always from observed data,
6K = 0%(xq, ..., Xn)

The log likelihood function is written ag6¥), and the corresponding
maximized log likelihood (6).



Derivation of AIC

e The expected log likelihood for any model is defined as
Ee, [Iog f(X|9k)] = / f (x|60) log f (x|6*)dx (4)

whereEy, is an expectation with respect to the true dengity|6o).

Slide 17 ¢ For the maximum likelihood model, the expected (maximied)

likelihood is then of course
Ee, [|ogf(X|é'<)] =/ f (x|60) log f (x|6*)dx (5)

where ML parameterg® are calculated with some given and fixed set
of observations.

Derivation of AIC

e Expected maximum log likelihood depends on the observaifan
single realization of random variab}€) used to calculate the
maximum likelihood estimates.

e We may try to improve the quality of our evaluation by consiig the
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mean expected maximum log likelihood.

o Akaike: when thanean expected maximum log likelihood
Ey a,Ex|60 ['09 f(XIék(Y))] (6)

gets large value, the better the model is.



Derivation of AIC

Mean expected maximum log likelihood (MELL):

Ev oo E 16 ['09 f(XIé"(Y))]

Although onlyY represents the data (which is used to calculate ML
estimates), it is convenient to conceptualikkandY as i.i.d. samples

lide 1
Slide 19 from the same true distribution.

e MELL still depends on the true distribution, so we have to finday to
estimate it.

Next we shall see that maximum likelihood function is a bthse
estimate for MELL, and that the bias can be obtained easiljeas
number of free parameters in the model.

Derivation of AIC
e How to estimatély g, Ex|g,[l0g f (X|0K(Y))]?

e It can be done in two parts

Slide 20 1. Estimate difference betwe@yq,Exg,[log f (X|6¥(Y))] and
Exg,[log f (X|60)]
2. Estimate difference betwe@ q,[log f (X|60)] and logf (X|6%).

e Combine results from 1. and 2. to give the complete estimator

10



Derivation of AIC

e Part 1. We can show that
A k
EvisExeo |10 T (XI0(Y)) | = Exiap [l0g f (XI60)] = 5 (7)

e |dea for proof:

Slide 21 - Take the 2nd order Taylor approximation®kq,[log f(X|6%)]
around the true parameteig
- Oth order term i x4,[l0g f (X|60)].
- 1st order term vanishes, because expected log likelih®od i
maximized at the true parameters.
- 2nd order term is given by/n(@* — o) J(Bo) /N — 0)T.
Derivation of AIC
e |dea for proof continues:
- The quadratic term/n(6¥ — 6p) J (8p)/N(% — 60)T converges to a
Slide 22 centrally distributedy 2 random variable wittk degrees of freedom.

— Take the expectation of the Taylor expansion to get the MELL
— First remaining term i x4,[log f (X|60)]

— Expectation of the¢? term is
Ego+/N(0% — 60) I (60) vN(OF — 60)T =k

11
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Derivation of AIC
All said, we get an asymptotic approximation
n k
EvinExeo [ 109 T (XIO(Y)) | = Exiap [l0g f (XI60)] =5 (8)

For part 2 we get with a similar treatment

A k
Exjoo [IOg f(X|90)] = Ex6, [Iog f(X|9k)] -3 )

Derivation of AIC
By combining (8) and (9), we get an approximation for MELL:
EvisoEx i [10g f(XI6X(Y))] = Exiap [log F(XI8] —k  (20)

This means that maximum likelihood is a biased estimate fmam
expected maximum likelihood, and that the bias is equaléatimber
of parameters in the model.

In order to remove the bias we introduce an unbiased estirfato
mean expected log likelihood

log f (X|6%) — k (11)

This is how we arrive to Akaike’s information criterion.

12



Akaike’s Information Criterion

e AIC is usually presented as

Slide 25 AIC(K) = —2 (@) + 2k, (12)

for ’historical’ reasons.

e When using this form for selecting the parametric model ¢lelssose
k for which the AIQKk) is lowest.

About AIC

e Some issues about AIC
1. AIC is asymptotic; it requires conventional large-saenploperties.

2. The maximum number of parameteng,ax should not exceedZn,
wheren is the number of observation. This is because lamygsy
Slide 26 weakens the bias correction.

3. There are cases when AIC decreases monotonicallyheze ts no
solution. In most of these cases the culprit is poor seleaifo
model class.

4. If AIC score difference between two models is in magnitatia-2,
the difference is significant.

5. In some cases AIC has been shown to be inconsistent.

13



Example: AIC and linear regression

Example: consider linear regression withregressor variables.

m
y = w0+zwixi +e
i=1
e ~ N(@,0?
Slide 27 ® AIC: —21(6) + 2k
e Pdf for a single observation

I s w0 Xiymx)?
o2

p(ylw, 02) =

e Likelihood forni.i.d. observations:

n
Liyw,o?) =] p(vilw, 0%
i=1

Example: AIC and linear regression

e Log likelihood:
Slide 28

n l n m 2
|(W,02)=—§|0927t02—P; Vi —wo—jz_;wjxij
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Example: AIC and linear regression

e AIC:
AIC (k) = —21(8) + 2k
Slide 29 e The number of parameters in this modetrist 2 (wo, ..., wm, o2).

e Solve the maximum likelihood estimates and substitute 0 éidterion

AIC(k) = nIn27) + n+nInG2) +2(m + 2) (13)
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